Abstract -We show that the maximum wavelength that light can propagate through a rectangular hole in a metal is dramatically increased due to the existence of surfaceplasmon waves along the edges of the hole. For a 15 nm wide hole, the cut-off wavelength is more than doubled. Furthermore, we show that there is a Fabry-Pérot resonance for light transmission close to the cut-off wavelength, which gives a peak in the transmission. Due to the negative phase of reflection, this resonance exists even for very thin films, smaller than half the wavelength of light. Our analytical theory is verified by numerical simulation and these results agree with recent experiments on the transmission through sub-wavelength rectangular holes.
I. INTRODUCTION
The transmission of light through sub-wavelength holes in metals is of considerable interest for nanolithography and nanophotonic devices. The cut-off condition, for which there can be no propagation of light through a hole in a perfect metal, occurs when the wavelength of light is more than twice the hole-length across [1] . Below cut-off, Bethe showed that the transmission of light through an aperture rapidly decreases as the fourth power of the ratio of the aperture length to the optical wavelength [2] . Sub-wavelength arrays of metal holes [3] and single metal holes flanked with gratings [4] allow for extraordinary transmission as compared with Bethe's theory, which has been explained in terms of resonant coupling to surface plasmon (SP) modes on the surface of the metal.
Recently there has been an interest in the influence of the hole-shape on the transmission properties [5] [6] [7] . It was shown that in randomly distributed rectangular holes, the transmission depends upon the aspect ratio of the hole, which was called the "shape-effect" in that paper [6] . It was postulated that the "shape-effect" was the result of localized SP resonances. A recent work has investigated the transmission through a single rectangular aperture, while systematically varying the aspect ratio of the rectangle [7] . That work found the surprising result that the maximum transmission through the hole was redshifted as the hole was made smaller.
In this paper, we show that the maximum wavelength that light can propagate through a rectangular hole in a metal is dramatically increased due to the existence of surface plasmon waves on the edges of the hole. We show that there is a Fabry-Pérot resonance of light transmission in thin-films that exists close to the cut-off wavelength. Due to the large negative phase of reflection, this resonance exists even for very thin films, much smaller than half the wavelength of light.
II. SURFACE PLASMON ENHANCEMENT
The cut-off condition, which determines the maximum wavelength that light can propagate through a waveguide, is found by solving for the waveguide mode that has a propagation constant of zero. An analytical expression does not exist for the waveguide modes in a rectangular waveguide. As a result, we use the effective-index method to analyze these modes. Our results are later verified with a numerical simulation package. Figure 1 gives a schematic representation of the effective index method. A rectangular waveguide with short-edge w and long-edge l is analyzed. The centre of the waveguide is assumed to be air. For a perfect electric conductor (PEC), the lowest order mode has a cut-off wavelength given by:
where λ is the wavelength. That mode has the E-field along the y-direction, and the H-field along the xdirection. We consider a solution with the same polarizations as the PEC case, however, we solve for modes that include the field penetration into the metal. In the x-direction, the solution is given by the simple expression for a dielectric waveguide. In the y-direction, however, the solution for the H-field is given by a hyperbolic cosine in the centre of the waveguide. This hyperbolic cosine comes from the coupling between surface plasmon modes on the opposite long-edges of the hole. As a result, the transcendental solution for the effective propagation constant is given by: 
where air m ε ε , are the dielectric constants for metal and air, o k is the free-space wavevector, and β is the propagation constant.
The next step of the solution is to use the propagation constant to determine an effective dielectric constant and solve for the TE solution along the x-direction. The cutoff wavelength may then be found from the expression:
where Figure 2 shows the calculated cut-off wavelength as a function of the short-edge width of the hole. When the size of the hole is decreased, the cut-off wavelength actually increases, which allows for longer-wavelengths of light to propagate through the hole. This counterintuitive result is consistent with recent experiments on sub-wavelength holes in metal films [7] . For very short holes, the cut-off wavelength increases dramatically.
We have verified the validity of the effective-index model by numerical computation, and those results will be presented elsewhere [9] .
III. FABRY-PÉROT RESONANCE Due to the impedance mismatch between the modes in a rectangular waveguide and the free-space modes, there is a reflection of the mode at the surface of the film. This problem is well studied for microwave waveguides, where the penetration of the field into the metal is negligible, so the PEC approximation is valid.
It has been suggested that for a PEC waveguide, that the reflection coefficient is relatively insensitive to the waveguide geometry [10] , and found to be [11, 12] . This shows that there is a negative phase-shift associated with the reflection, and therefore, a zeroth-order Fabry-Pérot resonance exists for film-thicknesses given by: n is the effective index of the waveguide mode, which can be solved with the procedure outlined in the previous section (for more details, see [9] ). Even when the film thickness is significantly shorter than half the wavelength of light, we expect to see the zeroth-order resonance, due to the negative phase-shift upon reflection. We also expect that the mode-shape will influence the coupling of the incident light into the hole. For the same effective propagation constant given by equation (2), the hyperbolic cosine dependence within the hole is flatter for narrower hole, and so it may be expected to couple more readily to the incident plane wave, which is also flat. An estimate to the coupling may be made by considering the overlap integral between the plane wave and the normalized mode-shape. This overlap integral scales as:
where a is the imaginary part of the transverse xcomponent of the wave-vector. For this reason, we expect that the transmission of light through a narrower hole, at the Fabry-Pérot resonance, will be greater, when normalized to the area of the hole. Figure 3 shows the Fabry-Pérot transmission for various hole geometries in a 300 nm thick silver film. The reflection coefficient is taken to be the same as found for PEC waveguides, and the coupling amplitude for the incident and transmitted light is scaled to the mode overlap with a plane wave. The qualitative dependence of these results agrees with recent experiments [7] . A rigorous calculation of the transmission, using the modematching technique, will be attempted in the future.
IV. CONCLUSION
We have shown that the maximum wavelength that light may propagate within a rectangular waveguide is enhanced dramatically by the presence of surface-plasmon modes. As the hole becomes smaller, the maximum wavelength of light that can propagate within the hole actually increases. Along with this effect, a resonance in the transmission of light through subwavelength holes is expected to come from the zeroth-order Fabry-Pérot resonance, even for films significantly thinner than half the optical wavelength. These results are of interest to nano-lithography, where the amount of light that can be squeezed into a hole is critical to obtaining high resolution. Other nanophotonic devices may be envisioned using these principles. 
